Abstract: Fractional 4th and 5th order Burgers equations were studied by improving the generalized Exp-function method. The chief aim here was to discuss single-wave, double-wave, three-wave, and four-wave solutions for the space-time fractional (STF), time-fractional (TF), and space-fractional (SF) 4th and 5th order Burgers equations. The arbitrariness of the fractional orders allows much richer structures. It was observed that the wave amplitude of STF and SF Burgers equations is directly proportional to the noninteger derivative order, but the wave amplitude of TF Burgers equations is inversely proportional to the noninteger derivative order. From the graphical study of the obtained solution, a change in the noninteger derivative order value affects soliton behavior in a fundamental way. Therefore, the wave shape can be modified based on the noninteger derivative order without changing the properties of the medium.
Introduction
Several dynamic models in physics, chemistry, biology, relativity, particle physics, disturbance, and atmospheric science are usually characterized by nonlinear partial differential equations (NLPDEs). There are some effective methods for determining exact solutions of NLPDEs. Examples include the tanh-function method, the sechfunction method, the homogeneous balance method, the extended tanh-function method, the projective Riccati method, the (G ′ /G)-expansion method, the Lucas-Riccati method and the Jacobi elliptic function method, the sine-cosine method, the tanh-coth method, and the Exp-function method .
Fractional calculus is the generalization of ordinary differentiation and integration to noninteger order. Fractional deferential equations (FDEs) are currently a hot topic of research. FDEs have abundant applications in various sciences such as physics, chemistry, biology, mathematics, communication, power-law nonlocality, and power-law long-term memory [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . In the literature, several methods are used to study FDEs. Examples include differential transform, Adomian's decomposition, variational iteration, homotopy perturbation, finite difference, finite element, fractional subequation, (G ′ /G)-expansion, and the first integral [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] .
The investigation of multiwave solutions of NLPDEs and nonlinear FDEs plays a vital part in understanding the debate about physical phenomena. Many innovative results concerning multiwave solutions have already been discussed [54] [55] [56] [57] [58] [59] [60] [61] [62] . The hierarchy of the fractional Burgers equation and the multiwave solutions of second and third order Burgers equations were studied in [62] . The main aim of the present paper is to explore * Correspondence: emad abdelsalam@yahoo.com multiwave solutions of space-time fractional (STF), time-fractional (TF), and space-fractional (SF) 4th order and 5th order Burgers equations in a systematic way.
Description of the method
We begin by recalling the modified Riemann-Liouville derivative (mRL) definition of Jumarie [30] [31] [32] [33] . Assume that f : R → R, x → f (x) denotes a continuous function, and let h denote a constant discretization span, the limit form of the mRL derivative [31] :
. This is similar to the standard of derivatives (calculus for beginners), and the α -order derivative of a constant is zero. The integral form of the mRL derivative is written as follows:
Some properties of the mRL derivative are as follows:
where c is constant. That is a direct result from the equalityD
. Assume that the nonlinear FDE of two variables xand t is given by:
where D α t u and D α x u are the mRL derivatives of u, u = u(x, t) is an unknown function, and P is a polynomial in u and its mRL derivatives; otherwise, a suitable transformation can transform Eq. (7) into such an equation.
The Exp-function method [54] [55] [56] [57] [58] [59] [60] [61] [62] for a single-wave solution depends on the assumption that Eq. (7) has a solution in the following form [54] :
where a i1 , b j1 are undetermined constants, the value of p 1 and q 1 can be determined by balancing the linear term of the highest order with the nonlinear term in Eq. (7), and ξ is the fractional complex transform that was first introduced by Li and He [63] .
In order to seek an N -wave solution for an arbitrary integer N > 1, we generalize Eq. (8) in the following form:
where When N = 2, Eq. (9) gives the following:
which can be used to construct a double-wave solution for Eq. (7).
When N = 3, Eq. (9) gives the following:
which can be used to construct a three-wave solution for Eq. (7).
Substituting Eq. (10) into the FDE (Eq. (7)), the left-hand side of Eq. (7) is converted into a polynomial in exponential functions. Equating each coefficient of the exponential functions to zero gives a system of algebraic equations. Solving the set of equations, we can obtain the double-wave solution. Three-wave and four-wave solutions can be obtained from Eq. (11).
Fractional Burgers hierarchy
The Burgers equation is the simplest FDE, combining both nonlinear propagation and dissipative effects. It is a starting model for understanding turbulence. The Burgers equation and its hierarchy have many applications such as in fluid flow, plasma physics, traffic flow, hydrodynamics, magnetohydrodynamics, shock waves, acoustic transmission, supersonic flow around airfoils, waves under the influence of diffusion, wave propagation in a thermoelastic medium, steady-state viscous flows, and the dynamics in a liquid. Many physical phenomena can be understood by using multiwave solutions such as plasma waves, Rossby waves, and magma flow. In addition, they act as information carrier bits through optical fibers across transcontinental and transoceanic distances in the context of information sciences [62, [64] [65] [66] [67] .
The hierarchy of the fractional Burgers equation [62, [64] [65] [66] [67] in (1+1)-dimension can be formulated from the following:
where σ is an arbitrary constant and
x are the mRL derivatives from Eq. (1). The fractional 4th order and 5th order Burgers equations are given by substituting n = 3, 4 in Eq. (12):
where
The fractional 4th order Burgers equation

The single-wave solution
When α = β , Eq. (13) becomes the following:
which is called the STF 4th order Burgers equation. Let us discuss the single-wave solution. Suppose the following:
and then from the transformation above, for the terms in Eq. (13) containing the mRL derivatives such as
x u, . . . , using Eqs. (3) and (5), one can obtain the following:
Here, k 1 , ω 1 , a 1 , and b 1 are undetermined constants. Substituting Eq. (16) with Eq. (17) in Eq. (13) and solving the system for k 1 , ω 1 , a 1 , and b 1 , we have the following:
The single-wave solution of fractional 4th order Burgers equation (Eq. (13)) is the following:
where b 1 and k 1 are arbitrary constants. Eq. (19) displays a single kink-wave solution of the fractional 4th
order Burgers equation with the velocity at time t being the following:
.
The effects of the fractional orders α and β on the solution (Eq. )) when α = β . The red layer is at 0.1, the yellow one is at 0.3, the golden layer is at 0.5, the cyan one at 0.7, the blue one at 0.85, the green one at 0.95, and the black one at 1. 19) ) with the same color selection of β as that in Figure 1a . It is easy to see from Figures 1a and 1e that the width of the wave increases when the noninteger order derivative increases. Figure 1c indicates that the width decreases when the noninteger order derivative increases. The top and bottom of the waves in Figures 1c and 1e are constant. Therefore, the soliton amplitude of the TF and SF 4th order Burgers equations is constant. The bottom of the wave in Figure 1a decreases when the noninteger order derivative increases; however, the top is constant. Thus, the soliton amplitude of the STF and SF 4th order Burgers equations is directly proportional to the noninteger order derivative, but the soliton amplitude of the TF 4th order Burgers equation is inversely proportional to the noninteger order derivative. From Figure 1 , a change of the noninteger order derivative value affects soliton behavior in a fundamental way. Therefore, the noninteger order derivative can be used to modulate the shape of the waves. That is, we can say that the noninteger order derivative can be used to modify the shape of the wave without changing the nonlinearity and the dissipative effects in the medium.
Double-wave solution
Suppose that Eq. (13) 
where 
The double-wave solution for the fractional 4th order Burgers equation (Eq. (13)) is as follows: 
, i = 1, 2. The evolution behavior of Eq. (22) is presented in Figure 2 with the same selections of fractional orders α and β as those in Figure 1 .
Figures 2a-2f show that the double kink wave behaves similarly to the single kink wave. The soliton amplitude of the STF and SF 4th order Burgers equations increases when the noninteger order derivative increases, but the soliton amplitude of the TF 4th order Burgers equations decreases when the noninteger order derivative increases. 1+b100e ξ 1 +b010e ξ 2 +b001e ξ 3 +b110e ξ 1 +ξ 2 +b101e ξ 1 +ξ 3 +b011e ξ 2 +ξ 3 +b111e ξ 1 +ξ 2 +ξ 3 , where k 1 , k 2 , k 3 , ω 1 , ω 2 , ω 3 , a 100 , a 010 , a 001 , a 110 , a 101 , a 011 , a 111 , b 100 , b 010 , b 001 , b 110 , b 101 , b 011 ,and b 111 are undetermined constants. Substituting Eq. (23) with Eq. (17) in Eq. (13) and solving the obtained system for the unknowns k 1 , k 2 , k 3 , ω 1 , ω 2 , ω 3 , a 100 , a 010 , a 001 , a 110 , a 101 , a 011 , a 111 , b 100 , b 010 , b 001 , b 110 , b 101 , b 011 , and b 111 , we get the following: The three-wave solution of the fractional 4th order Burgers equation (Eq. (13)) is the following: 
The three-wave solution
, i = 1, 2, 3. Figure 3 represents the evolution behavior of Eq. (25) with the same selections of fractional orders α and β as those in Figure 1 . Figures 3a-3f show that the three kink wave behaves similarly to the single kink wave. That is, the soliton amplitude of the STF and SF 4th order Burgers equations increases when the noninteger order derivative increases, but the soliton amplitude of the TF 4th order Burgers equations decreases when the noninteger order derivative increases.
The four-wave solution
The four-wave solution of fractional 4th order Burgers equations (Eq. (13)) has the following form: 
where b 1000 , b 0100 , b 0010 , b 0001 , k 1 , k 2 , k 3 , and k 4 are arbitrary constants. Eq. (26) represents the four kink wave solution with velocities at time t being the following:
, i = 1, 2, 3, 4 . The arbitrariness of the fractional orders α and β in Eq. (26) allows much richer structures. Figure   4 represents the evolution behavior of Eq. (26) with the same selections of fractional orders α and β as those in Figure 1 . Figures 4a-4f show that the four kink wave behaves similarly to the single kink wave.
The fractional fifth order Burgers equation
When α = β , Eq. (14) becomes the following:
which is called the STF 5th order Burgers equation.
The fractional 5th order Burgers equation (Eq. (14)) allows a single wave solution in the following form:
where b 1 and k 1 are arbitrary constants. Eq. (28) displays a single kink-wave solution of the fractional 5th order Burgers equation (Eq. (14)) with the velocity at time t being the following:
. The effects of the fractional orders α and β on the solution (Eq. (28)) are studied graphically in Figure 5 . Figure 5 represents the evolution behavior of Eq. (28) with the same selections of fractional orders α and β as those in Figure 1 . It was observed that the soliton amplitude of the STF and SF 5th order Burgers equations increases when the noninteger order derivative increases, but the soliton amplitude of the TF 5th order Burgers equations decreases when the noninteger order derivative increases.
The double-wave solution of the fractional 5th order Burgers equation (Eq. (14)) has the following form:
where b 10 , b 01 , k 1 , and k 2 are arbitrary constants. Eq. (29) represents the double kink wave solution with velocities at time t being the following:
, i = 1, 2. The evolution behavior of Eq. (29) is presented in Figure 6 with the same selections of fractional orders α and β as those in Figures 6a-6c show that the double kink wave behaves similarly to the single kink wave.
The three-wave solution of fractional 5th order Burgers equations (Eq. (14)) is as follows:
where b 100 , b 010 , b 001 , k 1 , k 2 and k 3 are arbitrary constants. Eq. (30) displays a three kink wave solution of the fractional fifth order Burgers equation with velocities at time t being the following:
, i = 1, 2, 3. The evolution behavior of Eq. (30) is presented in Figure 7 with the same selections of fractional orders α and β as those in Figure 1 . Figures 7a-7c show that the three kink wave behaves similarly to the single kink wave.
The four-wave solution of fractional 5th order Burgers equations (Eq. (14)) is as follows: , i = 1, 2, 3, 4 . The evolution behavior of Eq. (31) is presented in Figure 8 with the same selections of fractional orders α and β as those in Figure 1. Figures 8a-8c show that the four kink wave behaves similarly to the single kink wave.
Remark 1
When α = β = 1, the results obtained in [67] are recovered.
Conclusion
In this paper, a multiwave solution of nonlinear FDE is presented in a systematic way. Single-wave, doublewave, three-wave, and four-wave solutions are obtained for the STF, TF, and SF 4th order and 5th order Burgers equations. The arbitrariness of the fractional orders allows much richer structures. It is observed that the wave amplitude of STF and SF 4th order and 5th order Burgers equations is directly proportional to the noninteger derivative order, but the wave amplitude of TF 4th order and 5th order Burgers equations is inversely proportional to the noninteger derivative order. From Figures 1-8 , a change in the noninteger derivative order value affects soliton behavior in a fundamental way. Therefore, the wave shape can be modified based on the noninteger derivative order without changing the properties of the medium.
